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Abstract
Coded excitation (CE) imaging is a technique that can significantly enhance image quality
and penetration depth by improving the signal-to-noise ratio (SNR). Despite its proven
benefits in various studies, its practical application in clinical settings remains limited.
One challenge is that the ability of a scanner to produce these signals can impact its pulse
compression capabilities. For instance, research scanners like the Verasonics Vantage
256 use bi-polar transmitters that only generate two voltage levels, leading to inefficiencies
in chirp generation and, consequently, higher axial side lobes. Additionally, the use of CE
can be limited due to safety concerns, as emitting long signals can cause the probe to
overheat.

Experiments were conducted using 5 and 11MHz Lead Zirconate Titanate (PZT) probes to
compare chirp and Barker-coded excitations with the Verasonics Vantage 256 research
scanner. Phantom experiments were performed to measure resolution, contrast, and
SNR. SARUS research scanner was utilized to show the effect of having a linear trans-
mitter when using chirps. Additionally, intensity and temperature measurements were
taken with the 5 MHz PZT probe and compared to a geometrically identical capacitive
micromachined ultrasonic transducer (CMUT) to assess the potential of the two probe
technologies for CE imaging.

Phantom experiments with the 11 MHz probe and 65-bit Barker-coded excitation on the
Vantage scanner resulted in a 7 dB better contrast-to-tissue ratio (CTR), 10-15 dB higher
SNR, 40% improvement in axial resolution, and 25 mm deeper penetration compared to
chirp excitation. However, similar experiments using the 5 MHz probe showed compa-
rable results for chirp and Barker codes, with a slight improvement of 4-5 dB in CTR for
chirps.

One reason for the reduced performance of chirps at higher frequencies was the Van-
tage’s chirp transmission capabilities. The tri-state pulser of the Vantage system led to
inefficient chirp generation, resulting in a root mean squared error of -19 dB between the
expected and generated signals. Comparing the Vantage’s tri-state transmitter with the
linear transmitter of the SARUS scanner showed a difference in CTR of 7.2 dB for the 5
MHz probe and 11.1 dB for the 11 MHz probe, favoring the SARUS scanner.

Intensity measurements showed that coded ultrasound imaging is not limited by the FDA’s
acoustic intensity and pressure limits. When using 15 �s chirp with a 5 MHz CMUT, the
derated spatial peak temporal averaged intensity (Ispta:3) was found to be 175 mW/cm2

which is more than 4 times less than the FDA limit of 720 mW/cm2. The MI and TI were
also below the FDA limits.

Temperature measurements showed that surface heating of the probe is the first limit
reached when CE imaging is used. These limits are set by the International Electrotech-
nical Commission (IEC). When measuring in still air, the PZT probe showed an increase
of 27 °C, reaching the safety limit within 3 minutes of acquisition when excited with 8 �s
long chirp at 60 Volts and 4 kHz pulse repetition frequency (fprf ). To keep the imaging
sequence within the safety limit, the voltage and signal duration was reduced to 40 V and
2�s. Resulting in no significant gain in SNR and penetration depth.

In contrast, the same imaging sequence with the CMUT probe (8 �s, 60 V, and 4 kHz
fprf ) showed an increase of only 4-5 °C after 30 minutes of acquisition. It was able to
transmit 15 �s chirp at 60 V. This resulted in up to 14 dB gain in SNR and 30 mm deeper
penetration, highlighting the huge benefits of CMUT for CE imaging. Additionally, while
staying within the IEC temperature limits, the CMUT probe provided better SNR than the
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PZT probe despite lower transmit pressure.

In conclusion, the CMUT probe has shown superior thermal efficiency compared to the
PZT probe, making it an excellent candidate for CE imaging. Additionally, Barker-coded
excitations are more effective with high-frequency probes when using a tri-state pulser.
Conversely, chirps are better suited for low-frequency probes when using a tri-state sys-
tem, and they are ideal for systems with linear transmitters.
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Resumè
Kodet excitation (CE) er en teknik, der markant kan forbedre billedkvalitet og penetra-
tionsevne ved at øge signal-støj-forholdet (SNR). På trods af påviste fordele i adskillige
studier er den praktiske anvendelse i kliniske sammenhænge fortsat begrænset. En ud-
fordring er, at scannernes evne til at generere disse signaler kan påvirke deres evne til
pulskompression. Eksempelvis bruger forskningsscannere som Verasonics Vantage 256
bipolære transmittere, der kun genererer to spændingsniveauer, hvilket fører til ineffek-
tiv generering af chirps og dermed højere aksiale sidesløjfer. Desuden kan sikkerhed-
shensyn begrænse anvendelsen af CE, da lange signaler kan medføre overophedning af
proben.

Eksperimenter blev udført med 5 MHz og 11 MHz blyzirconattitanat (PZT)-prober for at
sammenligne chirp- og Barker-kodede excitationer med forskningsscanneren Verasonics
Vantage 256. Fantomforsøg blev udført for at måle opløsning, kontrast og SNR. SARUS-
forskningsscanneren blev anvendt til at vise effekten af at bruge en lineær transmitter
med chirp-excitation. Derudover blev der foretaget intensitets- og temperaturmålinger
med 5 MHz PZT-proben, som blev sammenlignet med en geometrisk identisk Capaci-
tative Micromachined Ultrasonic Transducer (CMUT) for at vurdere potentialet af de to
probeteknologier til CE-billeddannelse.

Fantomforsøgmed 11MHz proben og 65-bit Barker-kodet excitation på Vantage-scanner-
en resulterede i 7 dB bedre kontrast-til-væv-forhold (CTR), 10-15 dB højere SNR, 40%
forbedret aksial opløsning og 25 mm dybere penetration sammenlignet med chirp exci-
tation. Tilsvarende forsøg med 5 MHz proben viste dog sammenlignelige resultater for
chirp og Barker-koder med en lille forbedring på 4-5 dB i CTR for chirps.

En årsag til chirps reducerede billedkvalitet ved højere frekvenser var Vantage-scannerens
evne til chirp-transmission. Scannerens tri-state impulsgeneratormedførte ineffektiv gene-
rering af chirps, hvilket gav en kvadratrod af gennemsnitlig kvadratafgivelse (RMS) på
-19 dB mellem forventede og genererede signaler. Sammenligning af Vantages ”tri-state”
transmitter med SARUS-scannerens lineære transmitter viste en forskel i CTR på 7,2
dB for 5 MHz proben og 11,1 dB for 11 MHz proben for SARUS-scanneren i forhold til
Vantage-scanneren.

Intensitetsmålinger viste, at kodet ultralydsbilleddannelse ikke begrænses af FDAs græns-
er for akustisk intensitet og tryk. Ved brug af en 15 �s chirp med en 5 MHz CMUT blev den
”deratede spatial peak temporal averaged intensitet” (Ispta:3) målt til 175 mW/cm2, hvilket
er mere end 4 gange lavere end FDA-grænsen på 720 mW/cm2. MI og TI lå ligeledes
under FDA-grænserne.

Temperaturmålinger viste, at overfladeopvarmning af proben er den første grænse, der
nås ved brug af CE. Disse grænser er fastsat af International Electrotechnical Commission
(IEC). Ved målinger i stillestående luft viste PZT-proben en temperaturstigning på 27 °C
og nåede sikkerhedsgrænsen inden for 3 minutters optagelse ved excitation med 8 �s
chirp ved 60 volt og 4 kHz pulsrepetitionsfrekvens (fprf ). For at holde billedsekvensen
inden for sikkerhedsgrænsen måtte spændingen og signallængden reduceres til 40 V og
2 �s, hvilket resulterede i ingen væsentlig forbedring i SNR eller penetrationsevne.

Til sammenligning viste samme billedsekvens med CMUT-proben (8 �s, 60 V og 4 kHz
fprf ) kun en temperaturstigning på 4-5 °C efter 30 minutters optagelse og var i stand til
at sende en 15 �s chirp ved 60 V. Dette resulterede i op til 14 dB forbedring i SNR og 30
mm dybere penetration. Dette illustrerer de store fordele ved CMUT til CE-billeddannelse.
Mens CMUT-proben holdt sig inden for IEC’s temperaturgrænser, leverede den desuden
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bedre SNR end PZT-proben trods lavere sendetryk.

Samlet set har CMUT-proben vist en overlegen termisk effektivitet sammenlignet med
PZT-proben, hvilket gør den ideel til CE-billeddannelse. Desuden er Barker-kodede exci-
tationer mere effektive ved højfrekvente prober, når der anvendes en tri-state impulsgen-
erator. Omvendt er chirps bedre egnet til lavfrekvente prober med et tri-state system, og
de er ideelle til systemer med lineære transmittere.
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�&�R�Q�W�H�Q�W�V
�3�U�H�I�D�F�H�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���L�L�L
�$�E�V�W�U�D�F�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���L�Y
�5�H�V�X�P�q�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���Y�L
�$�F�N�Q�R�Z�O�H�G�J�H�P�H�Q�W�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���Y�L�L�L
�/�L�V�W �R�I �)�L�J�X�U�H�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���L�[
�/�L�V�W �R�I �7�D�E�O�H�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���[�L�L
�$�F�U�R�Q�\�P�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���[�L�L�L
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������ �%�D�F�N�J�U�R�X�Q�G�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �0�R�W�L�Y�D�W�L�R�Q�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
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������ �6�\�Q�W�K�H�W�L�F �D�S�H�U�W�X�U�H �X�O�W�U�D�V�R�X�Q�G�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�� �0�H�W�K�R�G�V �D�Q�G �P�D�W�H�U�L�D�O�V ����
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������ �3�U�R�E�H�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�K�D�Q�W�R�P�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���������� �:�L�U�H �S�K�D�Q�W�R�P�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �7�L�V�V�X�H �P�L�P�L�F�N�L�Q�J �F�\�V�W �S�K�D�Q�W�R�P�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �7�K�H�U�P�D�O �W�H�V�W �S�K�D�Q�W�R�P�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �3�H�U�I�R�U�P�D�Q�F�H �0�H�W�U�L�F�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �5�H�V�R�O�X�W�L�R�Q�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �&�R�Q�W�U�D�V�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �6�1�5 �P�H�D�V�X�U�H�P�H�Q�W�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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������ �7�U�D�Q�V�G�X�F�H�U �J�H�R�P�H�W�U�\ �F�R�U�U�H�F�W�L�R�Q�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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���������� �6�W�L�O�O �D�L�U �W�H�V�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �6�L�P�X�O�D�W�H�G �X�V�H �W�H�V�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�H�U�H�G �W�R �W�K�H �W�L�V�V�X�H �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �E�D�Q�G�Z�L�G�W�K �W�K�U�R�X�J�K �S�K�D�V�H �R�U �I�U�H�T�X�H�Q�F�\ �P�R�G�X�O�D�W�L�R�Q��
�3�X�O�V�H �F�R�P�S�U�H�V�V�L�R�Q �W�H�F�K�Q�L�T�X�H�V�� �V�X�F�K �D�V �P�D�W�F�K�H�G �I�L�O�W�H�U�L�Q�J �>���� �@�� �P�L�V�P�D�W�F�K�H�G �I�L�O�W�H�U�L�Q�J �>���� �@��
�D�Q�G �L�Q�Y�H�U�V�H �I�L�O�W�H�U�L�Q�J �>�������� �@�� �D�U�H �W�K�H�Q �H�P�S�O�R�\�H�G �W�R �G�H�F�R�G�H �W�K�H �U�H�F�H�L�Y�H�G �V�L�J�Q�D�O �D�Q�G �U�H�V�W�R�U�H
�D�[�L�D�O �U�H�V�R�O�X�W�L�R�Q�� �9�D�U�L�R�X�V �F�R�G�H�V�� �L�Q�F�O�X�G�L�Q�J �F�K�L�U�S �>�������� �@�� �*�R�O�D�\ �>���� �@�� �D�Q�G �%�D�U�N�H�U �F�R�G�H�V �>���� ��
���� �@�� �K�D�Y�H �E�H�H�Q �H�[�S�O�R�U�H�G �I�R�U�&�(�� �H�D�F�K �R�I�I�H�U�L�Q�J �X�Q�L�T�X�H �D�G�Y�D�Q�W�D�J�H�V �D�Q�G �O�L�P�L�W�D�W�L�R�Q�V�� �:�K�L�O�H
�6�1�5�L�P�S�U�R�Y�H�P�H�Q�W�V �D�U�H �Z�H�O�O���H�V�W�D�E�O�L�V�K�H�G�� �W�K�H �S�U�L�P�D�U�\ �I�R�F�X�V �L�Q �H�Y�D�O�X�D�W�L�Q�J�&�( �S�H�U�I�R�U�P�D�Q�F�H

�&�R�G�H�G �8�O�W�U�D�V�R�X�Q�G �,�P�D�J�L�Q�J ��



�O�L�H�V �L�Q �R�S�W�L�P�L�]�L�Q�J �F�R�Q�W�U�D�V�W �D�Q�G �U�H�V�R�O�X�W�L�R�Q�� �Z�K�L�F�K �D�U�H �K�H�D�Y�L�O�\ �L�Q�I�O�X�H�Q�F�H�G �E�\ �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I
�W�K�H �S�X�O�V�H �F�R�P�S�U�H�V�V�L�R�Q �S�U�R�F�H�V�V �D�Q�G �W�K�H �W�U�D�Q�V�P�L�W�W�H�U�¶�V �D�E�L�O�L�W�\ �W�R �J�H�Q�H�U�D�W�H �F�R�G�H�G �Z�D�Y�H�I�R�U�P�V
�H�I�I�L�F�L�H�Q�W�O�\��

�7�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I�&�( �L�V �F�O�R�V�H�O�\ �W�L�H�G �W�R �W�K�H �D�U�F�K�L�W�H�F�W�X�U�H �R�I �W�K�H �X�O�W�U�D�V�R�X�Q�G �V�\�V�W�H�P��
�2�Y�H�U �W�K�H �\�H�D�U�V�� �U�H�V�H�D�U�F�K �O�D�E�R�U�D�W�R�U�L�H�V �D�Q�G �F�R�P�P�H�U�F�L�D�O �P�D�Q�X�I�D�F�W�X�U�H�U�V �K�D�Y�H �G�H�Y�H�O�R�S�H�G
�V�S�H�F�L�D�O�L�]�H�G �V�F�D�Q�Q�H�U�V �W�R �P�H�H�W �V�S�H�F�L�I�L�F �L�P�D�J�L�Q�J �Q�H�H�G�V�� �7�K�H�V�H �L�Q�F�O�X�G�H �5�$�6�0�8�6 �>���� �@ �D�Q�G
�6�$�5�8�6 �>���� �@ �E�\ �-�H�Q�V�H�Q�H�W �D�O���� �8�/�$���2�3 �E�\ �7�R�U�W�R�O�L�H�W �D�O���>���� �@�� �8�$�5�3 �E�\ �6�P�L�W�K�H�W �D�O���>���� �@�� �D�Q
�8�O�W�U�D�I�D�V�W �P�X�O�W�L�F�K�D�Q�Q�H�O �V�\�V�W�H�P �E�\ �7�D�Q�W�H�U�H�W �D�O���>���� �@�� �D�Q�G �W�K�H �9�D�Q�W�D�J�H ������ �U�H�V�H�D�U�F�K �V�F�D�Q��
�Q�H�U ���9�H�U�D�V�R�Q�L�F�V�� �.�L�U�N�O�D�Q�G�� �:�$�� �8�6�$���� �7�K�H�V�H �V�F�D�Q�Q�H�U�V �R�I�I�H�U �Y�D�U�\�L�Q�J �O�H�Y�H�O�V �R�I �F�R�Q�W�U�R�O �R�Y�H�U
�L�P�D�J�L�Q�J �S�D�U�D�P�H�W�H�U�V�� �7�K�H �9�H�U�D�V�R�Q�L�F�V �9�D�Q�W�D�J�H �������� �R�Q�H �R�I �W�K�H �P�R�V�W �Z�L�G�H�O�\ �X�V�H�G �F�R�P�P�H�U��
�F�L�D�O �X�O�W�U�D�V�R�X�Q�G �U�H�V�H�D�U�F�K �V�F�D�Q�Q�H�U�V�� �X�W�L�O�L�]�H�V �D �W�U�L���V�W�D�W�H ���E�L�S�R�O�D�U�� �S�X�O�V�H�U�� �Z�K�L�F�K �O�L�P�L�W�V �V�L�J�Q�D�O
�J�H�Q�H�U�D�W�L�R�Q �W�R �W�K�U�H�H �Y�R�O�W�D�J�H �O�H�Y�H�O�V�� ���9�� ���� �D�Q�G ���9�� �7�K�L�V �F�R�Q�V�W�U�D�L�Q�W �K�D�V �O�H�G �W�R �W�K�H �D�V�V�X�P�S�W�L�R�Q
�W�K�D�W �E�L�Q�D�U�\���F�R�G�H�G �V�L�J�Q�D�O�V �D�U�H �E�H�W�W�H�U �V�X�L�W�H�G �I�R�U �V�X�F�K �V�\�V�W�H�P�V�� �D�V �W�K�H�\ �D�O�L�J�Q �Z�H�O�O �Z�L�W�K �W�K�H
�O�L�P�L�W�H�G �Y�R�O�W�D�J�H �V�W�D�W�H�V �>���� ���� �@�� �+�R�Z�H�Y�H�U�� �W�K�H �H�I�I�H�F�W�V �R�I �V�X�F�K �V�\�V�W�H�P�V �R�Q �F�R�G�H�G �H�[�F�L�W�D�W�L�R�Q
�L�P�D�J�L�Q�J �D�Q�G �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H�V�H �V�L�J�Q�D�O�V �L�Q �W�H�U�P�V �R�I �W�U�D�Q�V�P�L�W �H�I�I�L�F�L�H�Q�F�\ �D�Q�G �W�K�H�L�U
�L�P�S�D�F�W �R�Q �L�P�D�J�H �T�X�D�O�L�W�\ �U�H�P�D�L�Q �X�Q�G�H�U�H�[�S�O�R�U�H�G�� �$�U�E�L�W�U�D�U�\ �Z�D�Y�H�I�R�U�P�V�� �V�X�F�K �D�V �F�K�L�U�S�V�� �D�U�H
�D�S�S�U�R�[�L�P�D�W�H�G �D�V �W�U�L���O�H�Y�H�O �V�L�J�Q�D�O�V �R�Q �W�K�H �9�D�Q�W�D�J�H �V�\�V�W�H�P�� �Z�K�L�F�K �F�D�Q �L�Q�W�U�R�G�X�F�H �L�Q�H�I�I�L�F�L�H�Q��
�F�L�H�V �D�Q�G �U�H�V�X�O�W �L�Q �K�L�J�K�H�U �D�[�L�D�O �V�L�G�H�O�R�E�H�V �G�X�U�L�Q�J �S�X�O�V�H �F�R�P�S�U�H�V�V�L�R�Q�� �7�K�L�V �U�D�L�V�H�V �L�P�S�R�U�W�D�Q�W
�T�X�H�V�W�L�R�Q�V �D�E�R�X�W �W�K�H �V�X�L�W�D�E�L�O�L�W�\ �R�I �G�L�I�I�H�U�H�Q�W �F�R�G�H�V �I�R�U �V�S�H�F�L�I�L�F �W�U�D�Q�V�P�L�W�W�H�U �D�U�F�K�L�W�H�F�W�X�U�H�V �D�Q�G
�K�L�J�K�O�L�J�K�W�V �W�K�H �Q�H�H�G �I�R�U �D �F�R�P�S�U�H�K�H�Q�V�L�Y�H �H�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H�L�U �S�H�U�I�R�U�P�D�Q�F�H��

�0�R�U�H�R�Y�H�U�� �W�K�H �H�Q�H�U�J�\ �G�H�O�L�Y�H�U�H�G �W�R �W�K�H �W�L�V�V�X�H �L�V �F�R�Q�V�W�U�D�L�Q�H�G �E�\ �V�D�I�H�W�\ �V�W�D�Q�G�D�U�G�V �V�H�W �E�\ �W�K�H
�8�Q�L�W�H�G �6�W�D�W�H�V�)�R�R�G �D�Q�G �'�U�X�J �$�G�P�L�Q�L�V�W�U�D�W�L�R�Q ���)�'�$���� �Z�K�L�F�K �U�H�J�X�O�D�W�H �P�H�W�U�L�F�V �V�X�F�K �D�V �V�S�D��
�W�L�D�O �S�H�D�N �W�H�P�S�R�U�D�O �D�Y�H�U�D�J�H�G �L�Q�W�H�Q�V�L�W�\ ��I spta �����7�K�H�U�P�D�O �,�Q�G�H�[ ���7�,���� �D�Q�G�0�H�F�K�D�Q�L�F�D�O �,�Q�G�H�[
���0�,����I spta �D�Q�G�7�,�D�U�H �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H�U�P�D�O �E�L�R���H�I�I�H�F�W�V �R�I �W�K�H �X�O�W�U�D�V�R�X�Q�G �E�H�D�P�� �U�H�V�W�U�L�F�W��
�L�Q�J �W�K�H �X�V�H �R�I �K�L�J�K���L�Q�W�H�Q�V�L�W�\ �V�L�J�Q�D�O�V�� �0�H�D�Q�Z�K�L�O�H���0�,�L�Q�G�L�F�D�W�H�V �W�K�H �O�L�N�H�O�L�K�R�R�G �R�I �F�D�Y�L�W�D�W�L�R�Q
�D�Q�G �P�H�F�K�D�Q�L�F�D�O �G�D�P�D�J�H �W�R �W�K�H �W�L�V�V�X�H�� �7�K�H�V�H �O�L�P�L�W�V �D�U�H �G�H�V�L�J�Q�H�G �W�R �H�Q�V�X�U�H �S�D�W�L�H�Q�W �V�D�I�H�W�\��
�1�H�Y�H�U�W�K�H�O�H�V�V�� �W�K�H�V�H �O�L�P�L�W�V �D�U�H �U�H�O�D�W�L�Y�H�O�\ �K�L�J�K �D�Q�G �D�O�O�R�Z �W�H�F�K�Q�L�T�X�H�V �V�X�F�K �D�V�&�( �L�P�D�J�L�Q�J
�W�R �L�P�S�U�R�Y�H �W�K�H �6�1�5�� �7�K�H�)�'�$ �O�L�P�L�W �I�R�UI spta �L�V �������� �P�:���F�P2�� �D�Q�G �D �W�\�S�L�F�D�O �X�O�W�U�D�V�R�X�Q�G
�V�H�T�X�H�Q�F�H �O�L�H�V �Z�H�O�O �E�H�O�R�Z �W�K�L�V �O�L�P�L�W���&�( �Z�R�U�N�V �E�\ �L�Q�F�U�H�D�V�L�Q�J �W�K�HI spta �W�K�U�R�X�J�K �O�R�Q�J�H�U �V�L�J��
�Q�D�O �G�X�U�D�W�L�R�Q�V �Z�L�W�K�R�X�W �H�[�F�H�H�G�L�Q�J �Y�R�O�W�D�J�H �O�L�P�L�W�V�� �W�K�H�U�H�E�\ �L�P�S�U�R�Y�L�Q�J �6�1�5 �D�Q�G �S�H�Q�H�W�U�D�W�L�R�Q
�G�H�S�W�K �>���� ���@�� �+�R�Z�H�Y�H�U�� �W�K�H �H�[�W�H�Q�G�H�G �G�X�U�D�W�L�R�Q �R�I�&�( �V�L�J�Q�D�O�V �F�D�Q �O�H�D�G �W�R �V�L�J�Q�L�I�L�F�D�Q�W �K�H�D�W
�J�H�Q�H�U�D�W�L�R�Q �Z�L�W�K�L�Q �W�K�H �W�U�D�Q�V�G�X�F�H�U�� �S�R�V�L�Q�J �U�L�V�N�V �W�R �E�R�W�K �W�K�H �S�U�R�E�H �D�Q�G �W�K�H �S�D�W�L�H�Q�W��

�7�K�L�V �K�H�D�W�L�Q�J �L�V�V�X�H �L�V �H�[�D�F�H�U�E�D�W�H�G �E�\ �W�K�H �O�R�Z �H�O�H�F�W�U�R�P�H�F�K�D�Q�L�F�D�O �F�R�X�S�O�L�Q�J �H�I�I�L�F�L�H�Q�F�\ �R�I �W�U�D��
�G�L�W�L�R�Q�D�O�/�H�D�G �=�L�U�F�R�Q�D�W�H �7�L�W�D�Q�D�W�H ���3�=�7���W�U�D�Q�V�G�X�F�H�U�V�� �Z�K�L�F�K �F�R�Q�Y�H�U�W �R�Q�O�\ �D �I�U�D�F�W�L�R�Q �R�I �W�K�H
�H�O�H�F�W�U�L�F�D�O �H�Q�H�U�J�\ �L�Q�W�R �D�F�R�X�V�W�L�F �Z�D�Y�H�V�� �O�H�D�Y�L�Q�J �W�K�H �U�H�P�D�L�Q�G�H�U �D�V �K�H�D�W �>���� �@�� �7�K�H�,�Q�W�H�U�Q�D��
�W�L�R�Q�D�O �(�O�H�F�W�U�R�W�H�F�K�Q�L�F�D�O �&�R�P�P�L�V�V�L�R�Q ���,�(�&���D�G�G�U�H�V�V�H�V �W�K�L�V �L�V�V�X�H �E�\ �O�L�P�L�W�L�Q�J �S�U�R�E�H �V�X�U�I�D�F�H
�W�H�P�S�H�U�D�W�X�U�H�� �7�K�L�V �F�R�P�S�O�L�F�D�W�H�V �W�K�H �E�D�O�D�Q�F�H �E�H�W�Z�H�H�Q�6�1�5�� �I�U�D�P�H �U�D�W�H�� �D�Q�G �V�D�I�H�W�\�� �2�Q�H
�P�H�W�K�R�G �W�R �S�U�H�Y�H�Q�W �H�[�F�H�V�V�L�Y�H �K�H�D�W�L�Q�J �L�V �W�R �U�H�V�W�U�L�F�W �W�K�H �S�X�O�V�H �U�H�S�H�W�L�W�L�R�Q �I�U�H�T�X�H�Q�F�\ ��f prf ����
�K�R�Z�H�Y�H�U�� �W�K�L�V �F�D�Q �U�H�V�X�O�W �L�Q �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �I�U�D�P�H �U�D�W�H�V�� �P�D�N�L�Q�J �I�D�V�W �U�H�D�O���W�L�P�H �L�P�D�J�L�Q�J
�F�K�D�O�O�H�Q�J�L�Q�J �R�U �H�Y�H�Q �X�Q�I�H�D�V�L�E�O�H�� �$�Q�R�W�K�H�U �D�S�S�U�R�D�F�K �L�V �W�R �U�H�G�X�F�H �W�K�H �H�[�F�L�W�D�W�L�R�Q �Y�R�O�W�D�J�H��
�Z�K�L�F�K �K�H�O�S�V �P�L�Q�L�P�L�]�H �K�H�D�W �J�H�Q�H�U�D�W�L�R�Q �E�X�W �F�R�P�H�V �D�W �W�K�H �F�R�V�W �R�I �D �O�R�Z�H�U�6�1�5�� �$�V �D �U�H�V�X�O�W��
�W�K�H �W�K�H�U�P�D�O �H�I�I�L�F�L�H�Q�F�\ �R�I �D �W�U�D�Q�V�G�X�F�H�U �K�D�V �E�H�F�R�P�H �D �N�H�\ �O�L�P�L�W�L�Q�J �I�D�F�W�R�U �L�Q �H�Q�K�D�Q�F�L�Q�J �S�H�Q��
�H�W�U�D�W�L�R�Q �G�H�S�W�K �Z�L�W�K�&�(�� �6�L�P�L�O�D�U�O�\�� �R�W�K�H�U �L�P�D�J�L�Q�J �W�H�F�K�Q�L�T�X�H�V�� �V�X�F�K �D�V �F�R�O�R�U �'�R�S�S�O�H�U �D�Q�G
�S�O�D�Q�H �Z�D�Y�H �L�P�D�J�L�Q�J�� �D�U�H �D�O�V�R �F�R�Q�V�W�U�D�L�Q�H�G �E�\ �W�K�H �K�H�D�W �S�U�R�G�X�F�H�G �E�\ �W�K�H �S�U�R�E�H�� �)�R�U �H�[��
�D�P�S�O�H�� �L�Q �D �V�W�X�G�\ �E�\ �(�N�U�R�O�O�H�W �D�O���>���� �@�� �E�R�W�K �W�K�H �I�U�D�P�H �U�D�W�H �D�Q�G �W�K�H �Y�R�O�W�D�J�H �Z�H�U�H �U�H�G�X�F�H�G
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���������� �/�L�Q�H�D�U �)�0 �V�L�J�Q�D�O�V

�/�)�0 �V�L�J�Q�D�O�V�� �R�U �F�K�L�U�S�V�� �D�U�H �W�K�H �V�L�P�S�O�H�V�W �I�R�U�P �R�I �I�U�H�T�X�H�Q�F�\���P�R�G�X�O�D�W�H�G �V�L�J�Q�D�O�V�� �Z�K�H�U�H �W�K�H
�V�L�J�Q�D�O �I�U�H�T�X�H�Q�F�\ �L�Q�F�U�H�D�V�H�V ���X�S���F�K�L�U�S�� �R�U �G�H�F�U�H�D�V�H�V ���G�R�Z�Q���F�K�L�U�S�� �O�L�Q�H�D�U�O�\ �Z�L�W�K �W�L�P�H�� �7�K�H�\
�K�D�Y�H �E�H�H�Q �H�[�W�H�Q�V�L�Y�H�O�\ �X�V�H�G �L�Q �U�D�G�D�U �P�D�L�Q�O�\ �I�R�U �W�Z�R �U�H�D�V�R�Q�V�� �H�D�V�H �R�I �J�H�Q�H�U�D�W�L�R�Q �L�Q �D�Q�D�O�R�J
�V�\�V�W�H�P�V �D�Q�G �W�K�H�L�U �V�\�P�P�H�W�U�\ �S�U�R�S�H�U�W�L�H�V�� �$�F�F�R�U�G�L�Q�J �W�R �0�L�V�D�U�L�G�L�V �D�Q�G �-�H�Q�V�H�Q �>���� ������ �@���/�)�0
�V�L�J�Q�D�O�V �D�U�H �W�K�H �P�R�V�W �U�R�E�X�V�W�&�( �W�H�F�K�Q�L�T�X�H �X�V�H�G �L�Q �X�O�W�U�D�V�R�X�Q�G�� �7�K�H�\ �D�U�H �H�D�V�\ �W�R �G�H�V�L�J�Q��
�I�O�H�[�L�E�O�H �L�Q �O�H�Q�J�W�K�� �D�Q�G �O�H�V�V �V�H�Q�V�L�W�L�Y�H �W�R �D�W�W�H�Q�X�D�W�L�R�Q �G�X�H �W�R �I�U�H�T�X�H�Q�F�\ �V�K�L�I�W�L�Q�J �W�K�D�Q �R�W�K�H�U�&�(
�W�H�F�K�Q�L�T�X�H�V��

�$ �O�L�Q�H�D�U �I�U�H�T�X�H�Q�F�\���P�R�G�X�O�D�W�H�G �F�K�L�U�S �F�D�Q �E�H �G�H�I�L�Q�H�G �D�Q�D�O�\�W�L�F�D�O�O�\ �D�V��

 (t) = � (t) � �H�[�S[j 2� (f 0t +
B
2T

t2)]; �
T
2

< t <
T
2

; ����������

�Z�K�H�U�H� �L�V �W�K�H �V�L�J�Q�D�O �D�P�S�O�L�W�X�G�H��f 0 �L�V �W�K�H �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\��B �L�V �W�K�H �W�R�W�D�O �E�D�Q�G�Z�L�G�W�K��t �L�V
�W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �W�L�P�H�� �D�Q�GT �L�V �W�K�H �V�L�J�Q�D�O �G�X�U�D�W�L�R�Q�� �7�K�H �V�L�J�Q�D�O �V�W�D�U�W�V �D�W �W�K�H �I�U�H�T�X�H�Q�F�\
f 0 � B /2 �D�Q�G �O�L�Q�H�D�U�O�\ �J�R�H�V �X�S �W�Rf 0 + B /2 ��
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�)�L�J�X�U�H �������� �(�I�I�H�F�W �R�I �W�L�P�H �W�D�S�H�U�L�Q�J �R�Q �U�D�Q�J�H �V�L�G�H �O�R�E�H�V�� �7�K�H �W�R�S �S�D�Q�H�O �V�K�R�Z�V �D ����� �V �O�R�Q�J
�F�K�L�U�S �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �W�L�P�H �W�D�S�H�U�L�Q�J�� �7�K�H �D�P�S�O�L�W�X�G�H �V�S�H�F�W�U�X�P �L�Q �W�K�H �E�R�W�W�R�P �O�H�I�W �J�U�D�S�K
�V�K�R�Z�V �K�R�Z �W�K�H �W�L�P�H �W�D�S�H�U�L�Q�J �U�H�G�X�F�H�V �W�K�H �)�U�H�V�Q�H�O �U�L�S�S�O�H�V�� �7�K�H �H�I�I�H�F�W �R�I �W�L�P�H �W�D�S�H�U�L�Q�J �R�Q
�U�D�Q�J�H �V�L�G�H �V�X�S�S�U�H�V�V�L�R�Q �L�V �V�K�R�Z�Q �L�Q �W�K�H �E�R�W�W�R�P �U�L�J�K�W �J�U�D�S�K��

�3�X�O�V�H �F�R�P�S�U�H�V�V�L�R�Q �L�V �U�H�T�X�L�U�H�G �W�R �P�D�L�Q�W�D�L�Q �W�K�H �V�\�V�W�H�P�¶�V �U�H�V�R�O�X�W�L�R�Q �Z�K�H�Q �X�V�L�Q�J �F�R�G�H�G �H�[��
�F�L�W�D�W�L�R�Q�V�� �6�H�Y�H�U�D�O �G�L�I�I�H�U�H�Q�W �P�H�W�K�R�G�V �K�D�Y�H �E�H�H�Q �V�X�J�J�H�V�W�H�G �I�R�U �S�X�O�V�H �F�R�P�S�U�H�V�V�L�R�Q�� �V�X�F�K
�D�V �L�Q�Y�H�U�V�H �I�L�O�W�H�U�L�Q�J �>�������� �@�� �P�D�W�F�K�H�G �>���� �@�� �D�Q�G �P�L�V�P�D�W�F�K�H�G �>���� �@ �I�L�O�W�H�U�L�Q�J�� �)�R�U �O�L�Q�H�D�U �F�K�L�U�S�V��
�S�X�O�V�H �F�R�P�S�U�H�V�V�L�R�Q �F�D�Q �V�L�P�S�O�\ �E�H �D�F�K�L�H�Y�H�G �E�\ �I�L�Q�G�L�Q�J �W�K�H �D�X�W�R�F�R�U�U�H�O�D�W�L�R�Q �R�I �W�K�H �U�H�F�H�L�Y�H�G
�V�L�J�Q�D�O�� �7�K�L�V �L�V �F�D�O�O�H�G �W�K�H �P�D�W�F�K�H�G �I�L�O�W�H�U�� �Z�K�L�F�K �L�V �W�K�H �W�L�P�H���U�H�Y�H�U�V�H�G �H�[�F�L�W�D�W�L�R�Q �V�L�J�Q�D�O�� �$ �V�L�P��
�S�O�H �P�D�W�F�K�H�G �I�L�O�W�H�U �D�O�O�R�Z�V �I�R�U �D �U�H�V�R�O�X�W�L�R�Q �V�L�P�L�O�D�U �W�R �D �Y�H�U�\ �V�K�R�U�W �H�[�F�L�W�D�W�L�R�Q �S�X�O�V�H�� �K�R�Z�H�Y�H�U��
�W�K�H �U�D�Q�J�H �V�L�G�H �O�R�E�H�V ���V�L�G�H �O�R�E�H�V �L�Q �W�K�H �D�[�L�D�O �G�L�U�H�F�W�L�R�Q�� �D�U�H �K�L�J�K�� �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �U�H�G�X�F�L�Q�J �W�K�H
�F�R�Q�W�U�D�V�W�� �7�R �U�H�G�X�F�H �W�K�H �U�D�Q�J�H �V�L�G�H �O�R�E�H�V�� �0�L�V�D�U�L�G�L�V �D�Q�G �-�H�Q�V�H�Q �>���� �@ �V�X�J�J�H�V�W �D �W�Z�R���V�W�H�S
�V�R�O�X�W�L�R�Q�� �R�Q�H �D�S�S�O�L�H�G �D�W �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �V�W�D�J�H �D�Q�G �W�K�H �R�W�K�H�U �D�W �W�K�H �I�L�O�W�H�U�L�Q�J �V�W�D�J�H��

�$�W �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �V�W�D�J�H�� �D�P�S�O�L�W�X�G�H �W�D�S�H�U�L�Q�J �L�V �D�S�S�O�L�H�G �W�R �V�X�S�S�U�H�V�V �W�K�H�V�H �U�D�Q�J�H �V�L�G�H
�O�R�E�H�V�� �6�L�Q�F�H �W�K�H�/�)�0 �V�L�J�Q�D�O �L�V �I�L�Q�L�W�H �L�Q �W�L�P�H�� �W�K�H �V�W�H�H�S �U�L�V�H �L�Q �V�L�J�Q�D�O �O�H�D�G�V �W�R �U�L�S�S�O�H�V �L�Q
�W�K�H �D�P�S�O�L�W�X�G�H �V�S�H�F�W�U�X�P�� �N�Q�R�Z�Q �D�V �)�U�H�V�Q�H�O �U�L�S�S�O�H�V�� �Z�K�L�F�K �F�D�X�V�H �K�L�J�K �U�D�Q�J�H �V�L�G�H �O�R�E�H�V��
�)�L�J�������� �V�K�R�Z�V �K�R�Z �W�K�H �)�U�H�V�Q�H�O �U�L�S�S�O�H�V �D�U�H �U�H�G�X�F�H�G �Z�K�H�Q �D �7�X�N�H�\ �Z�L�Q�G�R�Z �Z�L�W�K �D �F�R�V�L�Q�H
�I�U�D�F�W�L�R�Q �R�I ������ �L�V �D�S�S�O�L�H�G �W�R �W�K�H �F�K�L�U�S���F�R�G�H�G �H�[�F�L�W�D�W�L�R�Q�� �$�W �W�K�H �I�L�O�W�H�U�L�Q�J �V�W�D�J�H�� �I�X�U�W�K�H�U
�U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �U�D�Q�J�H �V�L�G�H �O�R�E�H�V �L�V �P�D�G�H �E�\ �D�S�S�O�\�L�Q�J �D �W�L�P�H �Z�H�L�J�K�W�L�Q�J �W�R �W�K�H �P�D�W�F�K�H�G
�I�L�O�W�H�U�� �P�D�N�L�Q�J �L�W �D �P�L�V�P�D�W�F�K�H�G �I�L�O�W�H�U�� �7�K�L�V �S�U�R�M�H�F�W �X�V�H�G �D �'�R�O�S�K���&�K�H�E�\�V�K�H�Y �Z�L�Q�G�R�Z �Z�L�W�K ������
�G�% �U�H�O�D�W�L�Y�H �V�L�G�H �O�R�E�H �D�W�W�H�Q�X�D�W�L�R�Q �D�V �W�K�H �W�L�P�H �Z�H�L�J�K�W�L�Q�J�� �)�L�J�X�U�H������ �V�K�R�Z�V �K�R�Z �G�L�I�I�H�U�H�Q�W
�Z�L�Q�G�R�Z �W�\�S�H�V �U�H�G�X�F�H �W�K�H �U�D�Q�J�H �V�L�G�H �O�R�E�H �O�H�Y�H�O�V�� �7�K�H �P�L�V�P�D�W�F�K�H�G �I�L�O�W�H�U �F�D�Q �E�H �H�[�S�U�H�V�V�H�G
�D�Q�D�O�\�W�L�F�D�O�O�\ �D�V �>���@��

m(t) =  (� t) � w(t); ����������

�Z�K�H�U�Hw(t) �L�V �W�K�H �W�L�P�H �Z�L�Q�G�R�Z �D�Q�G (� t) �L�V �W�K�H �H�[�F�L�W�D�W�L�R�Q �V�L�J�Q�D�O �I�O�L�S�S�H�G �L�Q �W�L�P�H��
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�)�L�J�X�U�H �������� �&�R�P�S�D�U�L�V�R�Q �R�I �P�D�W�F�K�H�G �D�Q�G �P�L�V�P�D�W�F�K�H�G �I�L�O�W�H�U�L�Q�J �R�Q �U�D�Q�J�H �V�L�G�H �O�R�E�H�V �Z�K�H�Q
�X�V�L�Q�J �D �+�D�P�P�L�Q�J �Z�L�Q�G�R�Z ���W�R�S�� �D�Q�G �D �'�R�O�S�K���&�K�H�E�\�V�K�H�Y �Z�L�Q�G�R�Z ���E�R�W�W�R�P���� �7�K�L�V �I�L�J�X�U�H �L�V
�W�D�N�H�Q �I�U�R�P �>���� �@��

���������� �%�D�U�N�H�U �F�R�G�H�V

�%�D�U�N�H�U �F�R�G�H�V �D�U�H �D �W�\�S�H �R�I �S�K�D�V�H���P�R�G�X�O�D�W�H�G �V�L�J�Q�D�O�� �7�K�H�\ �D�U�H �E�L�Q�D�U�\ �F�R�G�H�V �F�R�Q�V�L�V�W�L�Q�J �R�I
�E�L�W�V �R�I ���V �D�Q�G �����V�� �,�Q �X�O�W�U�D�V�R�X�Q�G �L�P�D�J�L�Q�J�� �H�D�F�K �E�L�W �U�H�S�U�H�V�H�Q�W�V �D �E�D�V�H �S�X�O�V�H �R�U �D �F�K�L�S �S�X�O�V�H
�Z�L�W�K �W�K�H �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\ �R�I �W�K�H �W�U�D�Q�V�G�X�F�H�U�� �7�K�H �S�R�V�L�W�L�Y�H �D�Q�G �Q�H�J�D�W�L�Y�H �V�L�J�Q �F�R�U�U�H�V�S�R�Q�G�V
�W�R �D �S�K�D�V�H �R�I ���ƒ �D�Q�G �������ƒ�� �%�D�U�N�H�U �F�R�G�H�V �K�D�Y�H �L�G�H�D�O �D�X�W�R�F�R�U�U�H�O�D�W�L�R�Q �S�U�R�S�H�U�W�L�H�V �D�Q�G �D�U�H
�N�Q�R�Z�Q �I�R�U �W�K�H�L�U �O�R�Z �V�L�G�H �O�R�E�H�V �D�W1/ N �E�H�O�R�Z �W�K�H �P�D�L�Q �S�H�D�N�� �Z�K�H�U�HN �L�V �W�K�H �Q�X�P�E�H�U �R�I
�E�L�W�V�� �+�R�Z�H�Y�H�U�� �W�K�H�\ �D�U�H �V�H�Q�V�L�W�L�Y�H �W�R �I�U�H�T�X�H�Q�F�\ �V�K�L�I�W�V��

�7�K�H�U�H �D�U�H �Q�L�Q�H �N�Q�R�Z�Q �%�D�U�N�H�U �F�R�G�H�V�� �Z�L�W�K �W�K�H �O�R�Q�J�H�V�W �E�H�L�Q�J ���� �E�L�W�V �O�R�Q�J�� �&�R�P�E�L�Q�L�Q�J �W�Z�R
�%�D�U�N�H�U �F�R�G�H�V �X�V�L�Q�J �D �.�U�R�Q�H�F�N�H�U �S�U�R�G�X�F�W �F�D�Q �J�H�Q�H�U�D�W�H �D �O�R�Q�J�H�U �%�D�U�N�H�U���F�R�G�H�G �V�L�J�Q�D�O�� �)�R�U
�H�[�D�P�S�O�H�� �D �%�D�U�N�H�U �F�R�G�H �R�I �O�H�Q�J�W�K �� �D�Q�G �� �F�D�Q �S�U�R�G�X�F�H �D �������E�L�W �O�R�Q�J �V�H�T�X�H�Q�F�H�� �7�K�L�V �L�V
�G�R�Q�H �E�\ �U�H�S�H�D�W�L�Q�J �R�Q�H �%�D�U�N�H�U �F�R�G�H �E�\ �W�K�H �Q�X�P�E�H�U �R�I �W�L�P�H�V �W�K�H �E�L�W�V �L�Q �W�K�H �V�H�F�R�Q�G �%�D�U�N�H�U
�F�R�G�H �D�Q�G �F�K�D�Q�J�L�Q�J �W�K�H �S�K�D�V�H �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �V�L�J�Q�� �7�K�H�V�H �V�H�T�X�H�Q�F�H�V �D�U�H �V�R�P�H�W�L�P�H�V
�F�D�O�O�H�G �%�D�U�N�H�U �F�R�G�H�V �Z�L�W�K�L�Q �W�K�H �%�D�U�N�H�U �F�R�G�H�V �R�U �F�R�P�S�R�X�Q�G �%�D�U�N�H�U �F�R�G�H�V�� �)�L�J�������� �V�K�R�Z�V
�D �����E�L�W�� �����E�L�W�� �D�Q�G �������E�L�W �O�R�Q�J �%�D�U�N�H�U �F�R�G�H �D�Q�G �D �������E�L�W �F�R�P�S�R�X�Q�G �%�D�U�N�H�U �F�R�G�H �P�D�G�H �I�U�R�P
�W�K�H �.�U�R�Q�H�F�N�H�U �S�U�R�G�X�F�W �R�I �����E�L�W �D�Q�G �����E�L�W �F�R�G�H�V��

�,�Q �W�K�L�V �S�U�R�M�H�F�W�� �D �������E�L�W �F�R�P�S�R�X�Q�G �%�D�U�N�H�U �F�R�G�H �Z�D�V �X�V�H�G �I�R�U �F�R�G�H�G �H�[�F�L�W�D�W�L�R�Q �L�P�D�J�L�Q�J��
�,�W �Z�D�V �J�H�Q�H�U�D�W�H�G �E�\ �F�R�P�E�L�Q�L�Q�J �W�K�H �������E�L�W �D�Q�G �����E�L�W �%�D�U�N�H�U �F�R�G�H�V �X�V�L�Q�J �W�K�H �.�U�R�Q�H�F�N�H�U
�S�U�R�G�X�F�W�� �7�K�H �������E�L�W �%�D�U�N�H�U �F�R�G�H ��C13�� �L�V �J�L�Y�H�Q �E�\��

C13 : [1 1 1 1 1 1 � 1 1 1 � 1 1 � 1 1]: ����������

�&�R�G�H�G �8�O�W�U�D�V�R�X�Q�G �,�P�D�J�L�Q�J ��



���D�� �����E�L�W �%�D�U�N�H�U �F�R�G�H�G �V�H�T�X�H�Q�F�H���E�� �����E�L�W �%�D�U�N�H�U �F�R�G�H�G �V�H�T�X�H�Q�F�H

���F�� �������E�L�W �%�D�U�N�H�U �F�R�G�H�G �V�H�T�X�H�Q�F�H

���G�� �������E�L�W �&�R�P�S�R�X�Q�G �%�D�U�N�H�U �F�R�G�H�G �V�H�T�X�H�Q�F�H

�)�L�J�X�U�H �������� �,�O�O�X�V�W�U�D�W�L�R�Q �R�I �����E�L�W�� �����E�L�W�� �D�Q�G �������E�L�W �%�D�U�N�H�U �F�R�G�H�V�� �D�O�R�Q�J �Z�L�W�K �D �������E�L�W �F�R�P��
�S�R�X�Q�G �%�D�U�N�H�U �F�R�G�H �F�U�H�D�W�H�G �E�\ �F�R�P�E�L�Q�L�Q�J �����E�L�W �D�Q�G �����E�L�W �V�H�T�X�H�Q�F�H�V��

�7�K�H �����E�L�W �%�D�U�N�H�U �F�R�G�H ��C5�� �L�V��

C5 : [1 1 1 � 1 1]: ����������

�7�K�H �������E�L�W �F�R�P�S�R�X�Q�G �%�D�U�N�H�U �F�R�G�H ��C65�� �L�V �W�K�H�Q �J�H�Q�H�U�D�W�H�G �E�\ �W�D�N�L�Q�J �W�K�H �.�U�R�Q�H�F�N�H�U �S�U�R�G�X�F�W
�R�IC13 �D�Q�GC5 �>���@��

C65 = C13 
 C5 ����������

�7�K�H �G�H�Y�H�O�R�S�P�H�Q�W �R�I �W�K�H �F�R�G�H�G �H�[�F�L�W�D�W�L�R�Q �Z�D�Y�H�I�R�U�P �L�V �E�D�V�H�G �R�Q �W�K�H �P�H�W�K�R�G �R�X�W�O�L�Q�H�G �E�\
�9�L�H�Q�Q�H�D�X �D�Q�G �%�\�U�D�P �L�Q �>���@�� �7�K�H �P�D�W�F�K�H�G �I�L�O�W�H�U �X�V�H�G �Z�D�V �D�)�L�Q�L�W�H �,�P�S�X�O�V�H �5�H�V�S�R�Q�V�H ���)�,�5��
�I�L�O�W�H�U �G�H�V�L�J�Q�H�G �E�\ �F�R�P�E�L�Q�L�Q�J �D�Q �L�Q�Y�H�U�V�H �I�L�O�W�H�U �I�R�U �G�H�F�R�G�L�Q�J �W�K�H �E�L�Q�D�U�\ �F�R�G�H �Z�L�W�K �D �P�D�W�F�K�H�G
�I�L�O�W�H�U �I�R�U �W�K�H �H�[�F�L�W�D�W�L�R�Q �V�L�J�Q�D�O�� �7�K�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�PC(f ) �R�I �W�K�H �%�L�Q�D�U�\ �F�R�G�Hc �K�D�Y�L�Q�J
N ���E�L�W�V �Z�D�V �I�L�U�V�W �F�D�O�F�X�O�D�W�H�G �D�V �>���� ������ �@��

C(f ) =
N � 1X

n=0

c(n)e� j 2� f
f s

n ; �
f s

2
� f �

f s

2
; ����������

�Z�K�H�U�H��f �D�Q�Gf s �D�U�H �W�K�H �I�U�H�T�X�H�Q�F�\ �D�Q�G �W�K�H �V�D�P�S�O�L�Q�J �I�U�H�T�X�H�Q�F�\ �L�Q �D�[�L�D�O �G�L�U�H�F�W�L�R�Q �D�Q�G �W�K�H
�V�S�H�F�W�U�X�P �L�V �H�Y�D�O�X�D�W�H�G �D�WM �I�U�H�T�X�H�Q�F�\ �S�R�L�Q�W�V �E�H�W�Z�H�H�Q� f s/2 �D�Q�Gf s/2 �� �7�K�H �L�Q�Y�H�U�V�H �R�I �W�K�H
�V�S�H�F�W�U�X�P �L�Q ���������� �F�D�Q �W�K�H�U�H�I�R�U�H �E�H �J�L�Y�H�Q �D�V��

D (f ) =
1

C(n)ej� f
f s

(N � 1)
e� j� f

f s
(L � 1) ; �

f s

2
� f �

f s

2
: ����������

���� �&�R�G�H�G �8�O�W�U�D�V�R�X�Q�G �,�P�D�J�L�Q�J



�7�K�H �/���W�D�S�)�,�5�I�L�O�W�H�U �L�Q �W�L�P�H �G�R�P�D�L�Q�� �K�D�Y�L�Q�J �W�K�H �V�S�H�F�W�U�X�P �W�K�D�W �L�V �L�Q�Y�H�U�V�H �R�I ������������ �Z�D�V �W�K�H�Q
�F�D�O�F�X�O�D�W�H�G �E�\ �W�D�N�L�Q�J �W�K�H �L�Q�Y�H�U�V�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �R�I ���������� �>���@��

h(l) =
1

M

M � 1X

m=0

D(f )ej 2� lm
M ; l 2 [0; L � 1]; m 2 [0; M � 1]: ����������

�7�K�H �I�L�Q�D�O �G�H�F�R�G�L�Q�J �I�L�O�W�H�U �Z�D�V �W�K�H�Q �F�D�O�F�X�O�D�W�H�G �E�\ �F�R�Q�Y�R�O�Y�L�Q�J �W�K�H �W�L�P�H �U�H�Y�H�U�V�H�G �H�[�F�L�W�D�W�L�R�Q
�V�L�J�Q�D�O �D�Q�G �W�K�H �L�Q�Y�H�U�V�H �I�L�O�W�H�U �L�Q �(�T����������

������ �6�1�5 �D�Q�G �U�H�V�R�O�X�W�L�R�Q �W�U�D�G�H���R�I�I
�,�Q �X�O�W�U�D�V�R�X�Q�G �L�P�D�J�L�Q�J�� �W�K�H�U�H �L�V �D �Z�H�O�O���N�Q�R�Z�Q �W�U�D�G�H���R�I�I �E�H�W�Z�H�H�Q �6�1�5 �D�Q�G �U�H�V�R�O�X�W�L�R�Q�� �7�K�H
�D�[�L�D�O �U�H�V�R�O�X�W�L�R�Q �R�I �D�Q �X�O�W�U�D�V�R�X�Q�G �V�\�V�W�H�P �L�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\ �R�I �W�K�H �H�[�F�L��
�W�D�W�L�R�Q �S�X�O�V�H �D�Q�G �F�D�Q �E�H �H�V�W�L�P�D�W�H�G �E�\��

Rax =
Mc
f 02

����������

�Z�K�H�U�Hc �L�V �W�K�H �V�S�H�H�G �R�I �V�R�X�Q�G��f 0 �L�V �W�K�H �V�L�J�Q�D�O �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\�� �D�Q�GM �L�V �W�K�H �Q�X�P�E�H�U �R�I
�F�\�F�O�H�V �X�V�H�G �L�Q �H�[�F�L�W�D�W�L�R�Q��

�6�L�P�L�O�D�U�O�\�� �W�K�H �O�D�W�H�U�D�O �U�H�V�R�O�X�W�L�R�Q �F�D�Q �D�O�V�R �E�H �H�V�W�L�P�D�W�H�G �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �Z�D�Y�H�O�H�Q�J�W�K ��� ��
�D�Q�G �W�K�H �)���Q�X�P�E�H�U ��F ���� �>���� �@��

Rlat = �F �� ������������

�Z�K�H�U�H��

F �� =
D
W

: ������������

�+�H�U�H��D �G�H�Q�R�W�H�V �W�K�H �G�H�S�W�K �R�I �W�K�H �L�P�D�J�L�Q�J �S�R�L�Q�W �D�Q�GW �L�V �W�K�H �Z�L�G�W�K �R�I �W�K�H �D�S�H�U�W�X�U�H�� �%�R�W�K
���������� �D�Q�G ������������ �V�K�R�Z �W�K�D�W �W�K�H �V�K�R�U�W�H�U �W�K�H �Z�D�Y�H�O�H�Q�J�W�K �R�I �W�K�H �V�L�J�Q�D�O�� �W�K�H �E�H�W�W�H�U �U�H�V�R�O�X�W�L�R�Q
�Z�L�O�O �E�H�� �7�K�H�U�H�I�R�U�H�� �K�L�J�K�H�U �S�U�R�E�H �I�U�H�T�X�H�Q�F�L�H�V �\�L�H�O�G �E�H�W�W�H�U �U�H�V�R�O�X�W�L�R�Q�� �+�R�Z�H�Y�H�U�� �W�K�L�V �F�R�P�H�V
�D�W �W�K�H �F�R�V�W �R�I �6�1�5�� �D�V �K�L�J�K�H�U �I�U�H�T�X�H�Q�F�L�H�V �D�O�V�R �U�H�V�X�O�W �L�Q �J�U�H�D�W�H�U �D�W�W�H�Q�X�D�W�L�R�Q��

�7�K�H �D�F�R�X�V�W�L�F �D�W�W�H�Q�X�D�W�L�R�Q �L�Q �W�K�H �K�X�P�D�Q �N�L�G�Q�H�\ �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\ ������ �>�G�%���0�+�]��F�P�@�� �)�R�U
�H�[�D�P�S�O�H�� �Z�K�H�Q �X�V�L�Q�J �D �S�U�R�E�H �Z�L�W�K �D �� �0�+�] �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\�� �W�K�H �D�W�W�H�Q�X�D�W�L�R�Q �� �F�P �E�H�O�R�Z
�W�K�H �S�U�R�E�H �Z�L�O�O �E�H2 � 1 � 5 � 0:7 = 7 �G�%�� �6�Z�L�W�F�K�L�Q�J �W�R �D �S�U�R�E�H �Z�L�W�K �D �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\ �R�I ����
�0�+�] �Z�L�O�O �U�H�V�X�O�W �L�Q �D�Q �D�W�W�H�Q�X�D�W�L�R�Q �R�I ���� �G�% �D�W �W�K�H �V�D�P�H �G�H�S�W�K�� �+�R�Z�H�Y�H�U�� �D�F�F�R�U�G�L�Q�J �W�R ����������
�D�Q�G �������������� �W�K�H �U�H�V�R�O�X�W�L�R�Q �Z�L�O�O �E�H �L�P�S�U�R�Y�H�G �E�\ �D �I�D�F�W�R�U �R�I ����

�7�R �V�R�P�H �H�[�W�H�Q�W�� �W�K�H �G�U�R�S �L�Q�6�1�5�G�X�H �W�R �I�U�H�T�X�H�Q�F�\ �G�H�S�H�Q�G�H�Q�W �D�W�W�H�Q�X�D�W�L�R�Q �F�D�Q �E�H �U�H�F�R�Y��
�H�U�H�G �E�\ �X�V�L�Q�J�&�( �W�H�F�K�Q�L�T�X�H�V�� �7�K�H�*�D�L�Q �L�Q �6�1�5 ���*�6�1�5���Z�K�H�Q �X�V�L�Q�J�&�( �G�H�S�H�Q�G�V �R�Q �W�K�H
�O�H�Q�J�W�K �R�I �W�K�H �V�L�J�Q�D�O�� �)�R�U �F�K�L�U�S�V�� �L�W �L�V �S�U�R�S�R�U�W�L�R�Q�D�O �W�R �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H �V�L�J�Q�D�O �G�X�U�D�W�L�R�Q �D�Q�G
�L�W�V �E�D�Q�G�Z�L�G�W�K �D�Q�G �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �I�U�R�P �>���@

GSNR = 10 �O�R�J10(TB): ������������

�)�R�U �%�D�U�N�H�U �F�R�G�H�G �H�[�F�L�W�D�W�L�R�Q�� �W�K�H�*�6�1�5 �L�V �H�V�W�L�P�D�W�H�G �D�V��

�&�R�G�H�G �8�O�W�U�D�V�R�X�Q�G �,�P�D�J�L�Q�J ����



�7�D�E�O�H �������� �)�'�$ �V�D�I�H�W�\ �O�L�P�L�W�V �I�R�U �G�L�I�I�H�U�H�Q�W �W�L�V�V�X�H �W�\�S�H�V

I spta

���P�:���F�P2��
�0�,

�L�Q �Z�D�W�H�U �G�H�U�D�W�H�G

�2�S�K�W�K�D�O�P�L�F ���� ���� ��������
�)�H�W�D�O �L�P�D�J�L�Q�J������ ���� ��������
�&�D�U�G�L�D�F ������ ������ ��������
�3�H�U�L�S�K�H�U�D�O �Y�H�V�V�H�O �������� ������ ��������

GSNR = 10 �O�R�J10(N ); ������������

�Z�K�H�U�HN �L�V �W�K�H �Q�X�P�E�H�U �R�I �E�L�W�V �L�Q �W�K�H �%�D�U�N�H�U �F�R�G�H��

������ �)�'�$ �V�D�I�H�W�\ �O�L�P�L�W�V
�+�R�Z�H�Y�H�U�� �X�V�L�Q�J �&�( �W�R �L�Q�F�U�H�D�V�H �W�K�H �6�1�5 �J�L�Y�H�V �U�L�V�H �W�R �V�D�I�H�W�\ �F�R�Q�F�H�U�Q�V �U�H�J�D�U�G�L�Q�J �W�K�H �X�O�W�U�D��
�V�R�X�Q�G �E�H�D�P�¶�V �L�Q�W�H�Q�V�L�W�\ �D�Q�G �W�K�H �K�H�D�W�L�Q�J �J�H�Q�H�U�D�W�H�G �D�V �D �U�H�V�X�O�W �R�I �O�R�Q�J �H�[�F�L�W�D�W�L�R�Q �V�L�J�Q�D�O�V��
�)�R�U �V�D�I�H�W�\ �U�H�D�V�R�Q�V���)�'�$ �U�H�J�X�O�D�W�H�V �W�K�H �D�P�R�X�Q�W �R�I �D�F�R�X�V�W�L�F �H�Q�H�U�J�\ �W�K�D�W �J�R�H�V �L�Q�W�R �W�K�H �K�X��
�P�D�Q �W�L�V�V�X�H �X�V�L�Q�J �V�W�D�Q�G�D�U�G�V �G�H�I�L�Q�H�G �L�Q �W�K�H �G�R�F�X�P�H�Q�W�V �E�\�1�D�W�L�R�Q�D�O �(�O�H�F�W�U�L�F�D�O �0�D�Q�X�I�D�F�W�X�U��
�H�U�V �$�V�V�R�F�L�D�W�L�R�Q ���1�(�0�$���D�Q�G�$�P�H�U�L�F�D�Q �,�Q�V�W�L�W�X�W�H �R�I �8�O�W�U�D�V�R�X�Q�G �L�Q �0�H�G�L�F�L�Q�H ���$�,�8�0���>���� ������ ��
���� �� ���� �� ���� �@�� �7�K�H�V�H �V�W�D�Q�G�D�U�G�V �D�U�H �U�H�T�X�L�U�H�G �W�R �E�H �P�H�W �I�R�U �K�X�P�D�Q �V�W�X�G�L�H�V �D�Q�G �P�D�U�N�H�W�L�Q�J
�F�O�H�D�U�D�Q�F�H �R�I �X�O�W�U�D�V�R�X�Q�G �V�\�V�W�H�P�V��

�7�K�H �W�K�U�H�H �P�H�W�U�L�F�V �F�R�Q�V�W�U�D�L�Q�L�Q�J �W�K�H �H�[�S�R�V�X�U�H �W�R �X�O�W�U�D�V�R�X�Q�G �D�U�H �0�,�� �7�,�� �D�Q�GI spta �� �7�R �D�F�F�R�X�Q�W
�I�R�U �W�K�H �D�W�W�H�Q�X�D�W�L�R�Q �L�Q �V�R�I�W �W�L�V�V�X�H�V�� �W�K�H�V�H �Y�D�O�X�H�V �D�U�H �G�H�U�D�W�H�G �E�\ ������ �G�% �0�+�]� 1 �F�P� 1�� �7�K�H�V�H
�P�H�W�U�L�F�V �D�U�H �E�U�L�H�I�O�\ �G�H�V�F�U�L�E�H�G �E�H�O�R�Z�� �D�Q�G �W�K�H �P�D�[�L�P�X�P �O�L�P�L�W�V �D�U�H �V�W�D�W�H�G �L�Q �7�D�E����������

�6�S�D�W�L�D�O �S�H�D�N �W�H�P�S�R�U�D�O �D�Y�H�U�D�J�H�G �L�Q�W�H�Q�V�L�W�\I spta �L�V �W�K�H �P�D�[�L�P�X�P �Y�D�O�X�H �R�I �W�K�H �W�L�P�H���D�Y�H�U�D�J�H�G
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